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1 Bezier Curve

Bézier curve is a parametric curve. ABer curve of degrem can be generalized as
follows:
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whereq(tj) is an interpolated point at parameter vatyen is degree of Bzier curve
and R, is k™" control point. To generata points f is count of interpolating points)
between first and last control points inclusive, the parantetisruniformly divided
into n— 1 intervals between 0 and 1 inclusive. Equations of cul&zi& curves can be
derived from Eq.(T) as follows:

A(t) = (1-8)°Ro+ 36 (1) P+ 37 (1 1) P+ (7P, 2)

Bézier curve passes through its first and last control pointsFheand P;. The
middle control pointsi.e. P, andP, determine the shape of curve.

2 Least Square Eezier Fitting

For data to be fit by cubic &ier the first and last control points oEBier curve are

first and last point of the input data segment. The input data can be divided into many
segments or just one segment by specifying the initial set of break points. But the
the middle control pointsi.e., P, and P, for cubic Bezier must be determined. We
usedleast square methoi find themiddle control pointsLeast square method gives
the bestvalues ofmiddle control pointghat minimize the squared distance between
original and fitted data and is well suited for approximating data. If theren al&ta
points andp; andq(t;) are values of original and approximated points respectively then
we can write the least square equation as follows:

S=Y [pi—qt)]* 3)

Eq. (3) can be written as follows:
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S= _i[pi — (1=1)%Ro+3(1— 1)) P+ 3t (1—t;) P+ tPPs]%. (4)

P; andP, can be determined by:
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Solving Eq. [(§) forP, and Eq. [(6) fol gives:

PL = (A2C1 — A12C2) / (AdA2 — AroAr2), (7)
P> = (A1Cz — A12C1) / (ArA2 — A12A12), (8)

where N
AL = 9_Zti2(1—ti)4, (9)
ho =93 (112 (10)
A= Qiti3(1—ti)3, (11)
G- 3 Bt~ (LRt 12)
Co= 3 H(1-6)[pi—(1-t)*R~ 7P (13)

After determining theontrol points Bézier curves can be fitted to large number of
original data points with very few control points using@®er interpolation.

3 Fitting Strategy

Suppose we have set of points (original da®ay {p1, p2,...,pPn} and we want to
approximate it using cubic &ier. As a input we specify the value of limit of error
(maximum allowed square distance between original and fitted data) and provide ini-
tial set of breakpoints. At least two breakpoints are required i.e., the first point and the
last point of original data. Input data is divided into segments based on initial set of
breakpoints. A segment is set of all points between two consecutive breakpoints. We
have to fit each segment using cubiézer curve(s). Now the fitting process begins.
We generate points (approximated dat@= {qs, 0y, - .., 0n} Using cubic Bzier inter-
polation such that cubic&ier curve(s) passes through breakpoints. Then we measure
the error between original and approximated (fitted) data.



When approximated data is not close enough to original data i.e. limit of error
bound is violated then an existing segment is split (break) into two segments at a point
called new breakpoint. After splitting number of segments are increased by one (split-
ted segment is replaced by two new segments). Number of breakpoints are also in-
creased by one (new breakpoint is added in the set of existing breakpoints). The point
where the error is maximum between original and approximated data is selected as new
breakpoint and this point is added in the set of breakpoints.

After splitting repeat the same fitting procedure using updated set of segments and
breakpoints until error is less than or equal to limit of error. We call this technique of
fitting break- and-fitstrategy.
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