BRIEF NOTES: DIGITAL SIGNAL PROCESSING, ART GRIGORYAN  [HTTP://WWW.FASTTRANSFORMS.COM] 1

[: Discrete Fourier transform and its Geometry

In this notes, the block structure of the matrix of the N-point discrete Fourier transform (DFT) in the
real space R%V is considered. All blocks 2 x 2 of this matrix correspond to the Givens transformations,
or elementary rotations describing the multiplications by twiddle coeflicients. Our goal is to illustrate the

definition of the DFT as a beautiful system rotating the data on the plane around circles.

I. DFT IN THE REAL SPACE
The N-point discrete Fourier transform of the signal is defined as the decomposition of the signal by N
roots of the unit

o 2 2
Wk =Wk = =%k = ¢ — isj, = cos(ﬁwk) - isin(ﬁwk), k=0:(N-1),

The roots are located on the unit circle, (W*)N = 1. The DFT of the vector-signal £ = (fo, f1, f2, ..., fn—1)/,

which is calculated by
N-1

Fy=Ry,+il, =Y W"f,, p=0:(N-1),

n=0

has the following matrix in the complex space CV:

1 1 1 1 1 1

1 Wl W2 W3 . WNfl

1 w2 wH we s WAN2
[Fn] =

1

1

1 WNfl WN72 WN73 Wl

Consider in matrix form the multiplication of the complex number x = z; + ixs, which is considered as

the column-vector (x1,22)" or row-vector (1, x2), by the twiddle coefficients W,

x CrT1 + ST
X = S N v LT , k=0:(N-1),

€2 CpT2 — ST

where W* = (ci,, —sp) = cos ¢ — isin ¢, and the angles 5, = 27k/N. In matrix form, this multiplication

can be written as

Thy — CoS Y Sin g T
—singg  €os g To

The matrix of rotation by the angle ¢ = ki, is denoted by T%. In the k = 0 case, @9 = 0, T = I, and there

is no rotation of the signal-data.
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Thus we transfer the complex plane into the 2-D real space, C — R?, and consider each operation of
multiplication by the twiddle coefficient as the elementary rotation, or the Givens transformation, W* — T*,

k=0:(N —1). We next consider the inclusion of the complex space C" into the real space RV by

f = (fo, fl; ceey fN,1>/ — ? = (To,io,Tl,il, ...,TNfl,’L'Nfl)/,

where we denote 7 = Refi and i = Imfy for k = 0: (N — 1). The vector f is composed from the original
vector, or signal f, and its vector-component is denoted by f, = (for, fox+1) = (7&,ix)’. The N-point DFT

of f is represented in the real space RV as the 2N-point transform

= R = = e r fhly cos(k sin(k r
F,= Pl = TFPE, = Z Tk | R | Z Z (kep) (kep) k , )
I;D k=0 k=0 1 k=0 — Sin(k<pp) COS(k(pp) i

where p=0: (N —1).
In matrix form, the DFT in the space R?Y is described by the following matrix 2N x 2N :

I I I I I 1
I Tl T2 T3 .. TNfl
X = I T2 T4 T6 .. TN72 . (2)
I
I TNfl TN72 TN73 Tl

The (n,p)-th blocks 2 x 2 of this matrix is 7™, where n,p = 0: (N — 1). The matrix I = I is the identity
matrix 2 x 2. Note the rotation matrices 7% compose the one-parametric group with period N. In other
words

Thtke = ik (10 = TN = 1)

3

for any k1,k2=0: (N —1).

According to (1), when calculating the component of the DFT at the frequency-point p, the vector-
components, or points (7, i) are rotated by the corresponding angles k¢,. Thus the first point (rg, i9) stays
on its place, the second point (r1,41) is rotated around the circle of radius \/m by angle ¢,. The next
point (r9,42) is rotated around the circle of radius \/m by twice larger angle 2¢,,, or twice faster, than
the point (r1,71), and so on. Then the coordinates of all rotated points are added and one point is defined,
which represents the DFT at frequency-point p. For point p = 0, there is no rotation; the sums of coordinates
of the original points define the component Fj.

As example, consider the vector-signal of length 10 with the following real and imaginary parts:

{Tk; k=0: 9} = { 55 _35 25 _55 _15 35 _45 _25 75 _6}
(i k=0:9Y={=2, 1, 4, -3, 7, 2, -5 5 -1, 3}
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10 circles, around which the signal will be rotated

imaginary part y(n) of the signal z(n)=x(n)+jy(n)
o
T

6
_gk i i i i i i i i
-8 -6 -4 -2 0 2 4 6 8
original signal—-data (black bullets)
Fig. 1. Original signal of length ten with the circles.
10—point DFT composition: component F(0).
8 .
6

4}

imaginary part y(n) of the signal z(n)=x(n)+jy(n)
o
T

-6

-8 -6 -4 -2 0 2 4 6 8
signal—data (black bullets), the DFT (red bullet)

Fig. 2. Calculation of the first component of the DFT, Fy.
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This signals is plotted in form of ten points on the plane in Figure 1. The points are numbered and ten
circles on which they lie are shown in this figure.
Figure 2 shows projections of all points of the signal on the X-axis and Y-axis (shown by dash lines) and

their sums (by x), and the point Fy = (—0.4,1.1) (by the red bullet).

10—point DFT composition: component F(1).
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signal—data (black bullets), rotated (blue bullets), the DFT (red bullet)

Fig. 3. Calculation of the second component of the DFT, F}.

On the next stage of the DF'T calculation, points of the signals are rotated as shown in Figure 3, and the
sums of projections of the rotated points on the X-axis and Y-axis define the point F; = (0.0684, —0.6155).
Similarly, these ten points are rotated eight more times, to arrive to ten points with the following coordi-

nates:

{R,} ={-04, 0.0684, 07729, —2.0982, 4.0537, 2.2, —0.0648, 0.1566, —0.3618, 0.6733}
{I,} ={ 1.1, —0.6155, —0.3367, 0.4982, —0.1407, —0.5, —0.5211, —1.5836, —0.1015, 0.2009}

where p=0:9.

These ten points F}, = (R,, I,) are show in Figure 4, as well as in Figure 5 in another view.

A. Inverse DFT

The inverse discrete Fourier transform (IDFT) is defined as

N-1
1 —n
b=k S WR, n=0:(N 1) ®
p=0
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10—point DFT composition: F(p), p=0:9.
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signal—data (black bullets), the DFT (red bullets)

Fig. 4. Result of ten rotations of the signal-data.

In the real space R*M, the N-point IDFT of {F,; p=0: (N — 1)} is represented

~—

N-1 N-1 .
= Tn 1 R, 1 cos(nyp)  —sin(ngpy) R,
£, = N - : 4
N Z I, N Z (

in = =0 \ sin(ney) cos(nep) I,

where n=0: (N —1).

The illustration of the IDFT is similar to the DFT, with the following difference:

1. The IDFT is defined by rotation clock-wise, i.e. in the direction opposite to the rotation in the DFT.

2. After rotating of the points, the sums of the coordinates of rotated points are normalized by the factor
of N.

Thus, if we start with the ten points {Fp; p = 0 : 9} in the above considered example, as shown in Figure 6,
the clock-wise rotations of these points around the circles on which they lie, will define the original signal,

i.e. ten points with coordinates

{ri; k=0:9y={5, -3, 2, =5 -1, 3, —4, =2 7, —6}
{ix; k=0:9} = {-2, 1, 4, -3, 7, 2, -5, 5, —1, 3}
The final rotation of ten points {Fp; p = 0 : 9} is shown in Figure 7. One can see, that the result of the

inverse rotation coincides with the points shown in Figure 1.
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x(n)+jy(n)

imaginary part y(n) of the signal z(n)

10—-point DFT composition: F(p), p=0:9.

1k [} F(3) ® :
/ R F(9)
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imaginary part of the DFT F(p)

-2

-6

signal—data (black bullets), the DFT (red bullets)

Fig. 5. Result of ten rotations of the signal-data.

10 circles, around which the 10—point DFT will be rotated

i i i i i

I
-6 -4 -2 0 2 4 6 8
DFT-data (black bullets)

Fig. 6. Ten points of the inverse DFT on the circles.
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10—point inverse DFT composition: f(n), n=0:9.

4

imaginary part of the DFT F(p)
o
T

DFT (black bullets), the signal—data (red x)

Fig. 7. The result of ten rotations of the inverse DFT-data.
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